The effect of a circularly polarized electric field on the Turing stripe patterns is studied. The numerical results show that stripe patterns may change to hexagonal wave patterns by choosing the intensity and the frequency of the circularly polarized electric field suitably. Our findings indicate that a pattern tends to organize itself to the pattern with the same symmetry of the applied field with the fact that compared to the stripe patterns, hexagonal wave patterns possess hexagonal symmetry which is closer to the rotation symmetry of the circularly polarized electric field.
I. INTRODUCTION
In the middle of the last century, Turing showed that far from thermodynamic equilibrium, stationary patterns in time and periodic in space can spontaneously develop in unstriated solutions of reacting and diffusing chemical species. 1 Theoretical developments show that these Turing patterns heavily rely both on competing activator and inhibitory chemical mechanisms and on differences between the diffusion coefficients of species. [2] [3] [4] In particular, in two-variable systems, the activatory species must diffuse more slowly than the inhibitory species. Because of this stringent necessary condition, the experimental realization of Turing pattern remained illusive for about four decades after its theoretical prediction. 4 With the development of suitable chemical systems whose kinetics includes a positive feedback and effective diffusion coefficients of the reactants can be made to vary widely under specific conditions, the unambiguous experimental evidences on Turing pattern were established in the early 1990s. 5, 6 Since then, the dynamics of Turing structures have been investigated in great detail. 7 External forcing provides a powerful tool to analyze the response behavior of nonlinear pattern-forming systems, allowing, for instance, the study of their inherently nonlinear mechanism of self-organization ͑for example, see Refs. 8-12͒. During the past few years, attention had mostly focused on the corresponding behavior of Turing pattern under purely temporal 13 or spatial ͑steady͒, 14, 15 or spatiotemporal illumination. [16] [17] [18] On the other hand, external electric fields have in fact been often used to investigate the dynamics of wave formation in chemical reaction-diffusion systems. [19] [20] [21] Constant electric fields 22, 23 and differential flows [24] [25] [26] have also been used to study Turing structures. Schmidt et al. 22 have shown that Turing structures can be destabilized by electric fields of small amplitude and a transition from stationary structures to time-dependent structures has been reported.
Recently, in the light that both the spiral waves and the circularly polarized electric field possess the rotation symmetry, we have investigated the drift behavior of spiral waves under the influence of a polarized electric field. 27 It is a fact that compared to Turing stripe patterns, the hexagonal ones possess hexagonal symmetry that is closer to the rotation symmetry. It is thus that an applied circularly polarized electric field may also induce an interesting behavior. In this paper, we will study the response of Turing stripe patterns to a circularly polarized electric field. The results reveal an interesting phenomenon that intrinsic stripe patterns change to hexagonal wave patterns for suitable values of intensity and frequency of the applied circularly polarized electric field.
II. THE MODEL AND LINEAR STABILITY ANALYSIS
Let us begin with the two-variable Lengyel and Epstein ͑LE͒ model for the chlorine dioxide-iodine-malonic acid ͑CDIMA͒ reaction, 28, 29 modified to take into account the existence of an external electric field E = ͑E x , E y ͒:
where f͑u,v͒ = a − u − 4 uv 1 + u 2 , g͑u,v͒ = bͩu − uv 1 + u the system; u and v are the normalized mobilities of u and v. The parameters a = 10, b = 0.16, d = 1.07, = 26, u = −0.11, and v = −0.15 are adopted throughout this paper if there is no special indication. With these parameters and for E x = E y =0 ͑E =0͒, stripe pattern can be developed from homogeneous steady state ͑u ss = a /5,v ss =1+u ss 2 ͒ with a random initial perturbation. A circularly polarized electric field is composed of two ac electric fields E x = E 0 cos͑t͒ and E y = E 0 cos͑t +3 /2͒, which are applied along the x and y axes, respectively, and their superposition E rotates with angular frequency in two-dimensional space. 27 The parameter E 0 describes the strength of the electric field in V/cm. 22 In order to study the stability of the system using linear stability analysis, we consider the case for Ӷ 1 ͑i.e., E rotates very slowly in space͒. We study the forming nonuniform structures borne out from small perturbations to the homogeneous steady state ͑u ss , v ss ͒. To do so, we set
where ͉U͉ Ӷ u ss , ͉V͉ Ӷ v ss . Substituting Eq. ͑2͒ into Eq. ͑1͒ we obtain, after linearizing, 
͑4͒
where is the eigenvalue and k = ͑k x , k y ͒ is the wave number of the perturbation. Substitution of these forms into Eq. ͑3͒ leads to the conditions
͑5͒
A nontrivial solution for C k U and C k V will exist only if satisfies the dispersion relation 2 
Note that in deriving the above dispersion relation, we have neglected the terms of d / dt, dC k U / dt, and dC k V / dt since , C k U , and C k V change with time very slowly for Ӷ 1. For the case of a dc electric field E x = const and E y = const, the stability of the steady state ͑u ss , v ss ͒ is determined by the real part of ͑Re ͒. If all the real parts are negative, then the steady state is stable; if there is one eigenvalue with a positive real part, it is unstable to a small perturbation.
In the case of a circularly polarized electric field, E x = E 0 cos͑t͒ and E y = E 0 cos͑t +3 /2͒, the situation becomes complex as compared to the case of a dc electric field since Re is time dependent. Some discussions under the condition Ӷ 1 are possible to be made, as will be seen below. We can get Re ͑k x , k y , t͒ from Eq. ͑6͒, and define that Re min ͑k x , k y ͒ is the minimum of Re ͑k x , k y , t͒ and Re max ͑k x , k y ͒ is the maximum of Re ͑k x , k y , t͒. In Figs. 1͑a͒ and 1͑b͒, we give the dependence of Re min and Re max on the wave number k ͑k x , k y ͒ for E 0 = 6.0, respectively. Re changes continuously between Re min and Re max . Note that Re min is equal to Re with E =0 ͑E 0 =0͒ and Re max is not dependent on . One can see that Re min and Re max are rotation symmetric in the ͑k x , k y ͒ plane, so Re min and Re max are determined by two variables: k and E 0 . For E 0 = 0, we find that in the range 0.5325ഛ k ഛ 1.0275, Re ͑or Re min ͒ Ͼ 0 ͓see Fig. 1͑a͔͒ . When a circularly polarized electric field is applied, the range for Re min Ͼ 0 keeps invariant and the range for Re max Ͼ 0 is 0.0225ഛ k ഛ 1.0925 ͓see Fig. 1͑b͔͒ . In Fig.  1͑c͒ ͓Fig. 1͑e͔͒, we plot Re min and Re max ͑Im min and Im max ͒ vs k for E 0 = 6.0. Re ͑Im ͒ changes in the shade region between the two curves of Re min and Re max ͑Im min and Im max ͒. In Fig. 1͑d͒ ͓Fig. 1͑f͔͒, we variation of Re max ͑Im max ͒ with k for different E 0 . One can see that Re max ͑Im max ͒ increases with E 0 . Note that the existence of a nonzero Im implies a wave bifurcation. That means that under the influence of the circularly polarized electric field, wave pattern can be developed from homogeneous steady state with an initial perturbation.
It is worthwhile to point out that for the linear stability analysis, we cannot know a priori what kind of pattern will be stable or emerge since the pattern selection is a result of nonlinear interactions of the modes. The case in the presence of a polarized electric field becomes very complex and from the above linear stability analysis, we can only conclude that the system becomes more unstable because Re is increased after we apply a circularly polarized electric field. In the following, we will study the effect of a circularly polarized electric field on Turing patterns by numerical simulations of the LE model ͓Eq. ͑1͔͒ taking into account the existence of electric fields.
III. NUMERICAL RESULTS
The numerical simulation is performed by an explicit Euler method on a square grid containing 256ϫ 256 grid points with a grid spacing ⌬x = ⌬y = 0.5 and a time step ⌬t = 0.001. Periodic boundary conditions are used. With E =0, a stripe pattern can be developed from the homogeneous steady state with a random initial perturbation ͓see Fig. 2͑a͒ , t =0͔. However, a remarkable change will be observed when we apply a circularly polarized electric field to the system ͓E 0 = 4.0, = 0.3, see Fig. 2͑a͔͒ . We find that the system begins to organize itself to a hexagonal wave pattern and the initial symmetry is broken ͓Fig. 2͑a͒, t = 1500͔. We also check the oscillation of one single spot in Fig. 2͑a͒ from t = 1500 to t = 1800, and the results are shown in Fig. 2͑c͒ . Different parts of the spot do not reach their peaks at the same time and the amplitude at the center of the spot is very small. As a whole, the spot rotates around its own center ͑not the center of the whole pattern͒ following the rotation of the electric field. Moreover, hexagonal wave patterns can also be induced from the homogeneous steady state with a random initial perturbation under the circularly polarized electric field ͓see Fig. 2͑b͔͒ . This means that in any of these two initial conditions, the same hexagonal wave patterns will appear with enough evolutional time. The transitions between any two of these states is summarized in Fig. 2͑d͒ .
The intensity of the electric field E 0 plays an important role in the competition between stripe wave pattern and hexagonal wave pattern. It is interesting to study the change of Turing pattern for different intensities. In Fig. 3 , we fix the angular frequency at = 0.5 and consider the intensity of electric field E 0 as a control parameter. For small electricfield intensity ͑E 0 ഛ 3.5͒, stripes still dominate and spots are in the minority. For 3.5Ͻ E 0 Ͻ 5, spots will dominate in the system while stripes are in the minority. If we further increase the intensity for E 0 ജ 5, stripes will change to spots completely. In one word, the percentage of spots in the system increases with the intensity of the circularly polarized electric field. In addition, we also find that the wavelength of the hexagonal wave pattern increases with E 0 , that is, the wave number k h of the hexagonal wave pattern decreases as we increase E 0 ; see Fig. 4 . If E 0 is very large ͑not shown here͒, the wavelengths and the diameters of the spots in the final patterns will also become very large. By comparison, we also give the dependence of the wave number k c ͑where Re max takes its maximum value͒ on E 0 in Fig. 4 . Interestingly, both k h and k c decrease monotonously with E 0 .
The angular frequency of the electric field is also a crucial parameter in controlling patterns. In Fig. 5 , we fix the value of E 0 = 5.0 and vary the value of in order to study the effect of different angular frequencies on the competition between stripe wave patterns and hexagonal wave patterns. 
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The results of considering as the control parameter are different from those of considering E 0 as the control parameter. For = 0, the circularly polarized electric field becomes a constant electric field, and the system organizes itself to parallel straight moving stripes. Note that the straight stripes are perpendicular to E and the moving direction of the straight stripes is along the direction of −E. For ͑0.05, 0.15͒, there is one interesting new kind of pattern-a complicated pattern which rotates with the electric field, appears. For ͑0.15, 1.3͒, the stripe pattern is replaced by the hexagonal wave pattern. Numerical simulations show that the most rapid changing speed from stripe patterns to hexagonal wave patterns corresponds to the value around = 0.4. If the angular frequency is increased further for ജ 1.3, mixed wave pattern appears; see Fig. 5 for details. When is very large ͑not shown here͒, the stripe pattern will not organize itself to a mixed wave pattern but drift periodically following the electric field.
In order to give a complete description about the patterns controlled by circularly polarized electric fields, we present distributions of patterns in the E 0 -plane for the fixed value of t = 900 in Fig. 6͑a͒ . Four types of patterns are observed: hexagonal wave patterns, mixed wave patterns, stripe wave patterns, and complicated patterns. From Fig. 6͑a͒ , we can see that mixed wave patterns begin to appear for E 0 Ϸ 3.0; hexagonal wave patterns and complicated patterns begin to appear for E 0 Ϸ 4.0. Note that the patterns are recorded at t = 900; if t 900, the recorded pattern may be different. For example, some mixed wave patterns at t = 900 may change to hexagonal wave patterns at t = 1400. Thus the distributions of the final stationary state are also given in Fig. 6͑b͒ . There are some differences between Figs. 6͑a͒ and 6͑b͒ when E 0 = 4.0 and E 0 = 5.0.
Note that all the above numerical simulations are performed with periodic boundary conditions. We have also tried zero flux boundary conditions and found that there was no significant difference between them.
To show the effect of a circularly polarized electric field on different types of Turing patterns, we study Turing patterns along one line in the parameter space of a and b: b = ͑0.07a − 0.508͒ / 12, a ͑8.8, 10.0͒. Without electric fields, the system supports stripe patterns for a ͑8.8, 9.15͒, mixed patterns for a ͑9.15, 9.45͒, and hexagonal patterns for a ͑9.45, 10.0͒ ͑see Fig. 4 in Ref. 7͒. After we apply a circularly polarized electric field with E 0 = 6.0 and = 0.5, the numerical simulations show that all types of Turing patterns for a ͑8.8, 10.0͒ are changed to hexagonal wave patterns. As it is known, hexagonal wave patterns possess hexagonal symmetry that is close to the rotation symmetry of the circularly polarized electric field, while stripe patterns possess stripe symmetry that is far from the rotation symmetry. Here, we can see that the pattern tends to organize itself to the pattern with the same symmetry of the applied electric field.
To confirm the above conclusion about symmetry, we also study the effect of a circularly polarized electric field on the Turing hexagonal patterns composed of holes. Not surprisingly, the circularly polarized electric field induces the transition from holes to spots ͑see Fig. 7͒ . The mechanism is that the electric field has effects on the ions I − and ClO 2 − ͑the variable u and v in the LE model͒. The white parts in the patterns shown in the figures correspond to high concentration of I − and ClO 2 − , while the dark parts correspond to low concentration of I − and ClO 2 − . So, the electric fields have more effect on the white parts in the patterns and the symmetry of the system under the circularly polarized electric field depends on the white parts. The white parts in the hexagonal pattern composed of holes are honeycombs whose symmetry is far from the rotation symmetry compared with the symmetry of spots. Thus the circularly polarized electric field may induce the transition from holes to spots.
In all the above discussions, only circularly polarized electric fields are investigated. It is also interesting to study what is happening when Turing patterns are forced with elliptically or linearly polarized electric fields. Here, we do some numerical simulations to test the effects of polarized electric field composed of two ac electric fields E x = E 0 cos͑t͒ and E y = E 0 cos͑t + ͒ where is the parameter of phase difference ͑ =0, /12, ... ,11 /12͒. When =0 the electric field is linearly polarized, when = / 2 it is circularly polarized, and when = /12, /6, /4, /3,5 /12,7 /12,2 /3,3 /4,5 /6,11 /12 it is elliptically polarized. 27 Under the control of these electric fields, the initial stripe pattern may change to three types of final patterns ͑see Fig. 8͒ : stripe wave patterns when =0, /12, /6, /4, /3,2 /3,3 /4,5 /6,11 / 12, hexagonal wave patterns when = / 2, and mixed wave patterns when =5 /12,7 / 12. The results are not surprising because the symmetries of these final patterns are close to those of the electric fields. When these polarized electric fields force the hexagonal pattern, we get the same results ͑see Fig. 9͒ : stripe wave patterns when =0, /12, /6, /4,3 /4,5 /6,11 / 12 and hexagonal wave patterns when = /3,5 /12, /2,7 /12,2 /3. Thus the same conclusion can be made: Organization of the system under external electric field tends to follow the symmetry of the electric field.
IV. CONCLUSION
We have studied the effect of a circularly polarized electric field on the Turing stripe patterns. An approximate linear stability analysis has shown that Re is increased after we apply a circularly polarized electric field. The analysis is based on Ӷ 1; thus the results obtained from this linear analysis cannot predict our main numerical results ͑the values are of order 1 in the numerical simulations͒ but only show that the system becomes more unstable. We have numerically observed the transition from stripe patterns to hexagonal wave patterns for suitable values of intensity and frequency of the electric field. Our results indicate that patterns tend to organize itself to the patterns with the same symmetry of the applied polarized electric field with the fact that hexagonal wave patterns possess hexagonal symmetry that is close to the rotation symmetry of the circularly polarized electric field, while stripe patterns possess stripe symmetry that is far from the rotation symmetry. The transitions from hexagonal patterns to stripe wave patterns induced by a dc electric field 23 and by a linearly polarized electric field ͑Fig. 9͒ have also been observed; the symmetries of the dc electric field and the linearly polarized electric field are close to those of stripe wave patterns, but far from those of hexagonal patterns. These phenomena are related to the resonant behaviors of Turing patterns that have been observed under spatial ͑steady͒ 14, 15 and spatiotemporal illumination. 16 At last, we hope that our theoretical results will be observed in experiments, such as the CDIMA reaction. 
